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Abstract
Background. A  basic parameter in  non-equilibrium thermodynamics is  the  production of  entropy 
(S-entropy), which is a consequence of the irreversible processes of mass, charge, energy, and momentum 
transport in various systems. The product of S-entropy production and absolute temperature (T) is called 
the dissipation function and is a measure of energy dissipation in non-equilibrium processes.

Objectives. This study aimed to estimate energy conversion in membrane transport processes of homo-
geneous non-electrolyte solutions. The stimulus version of the R, L, H, and P equations for the intensity 
of the entropy source achieved this purpose.

Materials and methods. The transport parameters for aqueous glucose solutions through Nephrophan® 
and Ultra-Flo 145 dialyser® synthetic polymer biomembranes were experimentally determined. Kedem–
Katchalsky–Peusner (KKP) formalism was used for binary solutions of non-electrolytes, with Peusner coef-
ficients introduced.

Results. The R, L, H, and P versions of the equations for the S-energy dissipation were derived for the mem-
brane systems based on the linear non-equilibrium Onsager and Peusner network thermodynamics. Using 
the equations for the S-energy and the energy conversion efficiency factor, equations for F-energy and 
U-energy were derived. The S-energy, F-energy and U-energy were calculated as functions of osmotic 
pressure difference using the equations obtained and presented as suitable graphs.

Conclusions. The R, L, H, and P versions of the equations describing the dissipation function had the form 
of second-degree equations. Meanwhile, the S-energy characteristics had the form of second-degree curves 
located in the 1st and 2nd quadrants of the coordinate system. These findings indicate that the R, L, H, and 
P versions of S-energy, F-energy and U-energy are not equivalent for the Nephrophan® and Ultra-Flo 145 
dialyser® membranes.
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Background

Thermodynamic entropy (S-entropy) is the only physi-
cal parameter that indicates the irreversible one-way time 
course of biological processes.1 An increase in S-entropy 
results from the transition from a more to a less ordered 
state that is less precisely understood than the initial state. 
For this reason, the applicability of the concept of S-en-
tropy is limited to linear irreversible processes in states 
close to equilibrium.2 Nevertheless, it plays an important 
role in the study of non-equilibrium processes by quantita-
tively characterizing the degree of irreversibility of physi-
cochemical processes, including biological ones, that fulfill 
the second law of thermodynamics expressed as the law 
of increase of entropy.3–6

One of the basic parameters in non-equilibrium thermo-
dynamics is the production of S-entropy, which is a conse-
quence of irreversible processes of mass, charge, energy, and 
momentum transport in various systems, including mem-
brane systems.7,8 Membrane transport processes are impor-
tant in many areas of human cognitive and utilitarian activ-
ity, including science, technology and medicine.9 Research 
methods and tools developed using non-equilibrium ther-
modynamics and network thermodynamics describe such 
membrane transport,5,10 including the Kedem–Katchalsky5 
and Kedem–Katchalsky–Peusner10–16 formalisms. Several 
papers5,7,8,13,17 focused on estimating the entropy source 
in membrane systems used equations derived from the Ke-
dem–Katchalsky formalism, while others presented entropy 
calculations for bacterial nanocellulose and Textus Bioac-
tiv biomembranes used as active dressings.18–20 The prod-
uct of S-entropy production and absolute temperature (T) 

is termed the dissipation function and is a measure of energy 
dissipation in non-equilibrium processes.

The present work aimed to evaluate the energy conver-
sion in membrane systems using the formalism developed 
within the framework of Peusner network thermodynam-
ics. The introduction presents the equations for S-energy 
dissipation in the Kedem and Katchalsky versions, the R, 
L, H, and P versions of the Kedem–Katchalsky–Peusner 
(KKP) equations for membrane transport of homogeneous 
non-electrolyte solutions, the  equations representing 
the R, L, H, and P versions of the Q coupling parameter, 
and the energy conversion efficiency ratio. This part also 
contains the mathematical equations for φ(S)Y (Y=R,L,H or P), 
derived from the KKP formalism describing the energy 
dissipation function as  a  function of  thermodynamic 
forces. Based on the obtained equations Rij = f(Δπ)ΔP = 0, 
Lij = f(Δπ)ΔP = 0, Hij = f(Δπ)ΔP = 0, and Pij = f(Δπ)Δπ = 0 (i,j ∈ 
{1, 2}), the characteristics of φ(S)Y (Y=R,L,H or P) = f(Δπ)Δπ = 0 
were calculated for Ultra-Flo 145 dialyser® and Nephro-
phan® synthetic membranes. To evaluate the conversion 
of chemical energy, the value of the coupling parameter 
and the energy conversion efficiency was calculated.

Materials and methods

Membrane system

The system used to study membrane transport is  il-
lustrated schematically in Fig. 1. This system consists 
of a membrane located in the horizontal plane that separates 
2 aqueous solutions of glucose with initial concentrations 

Streszczenie
Wprowadzenie. Podstawowym parametrem termodynamiki nierównowagowej jest produkcja S-entropii, która jest konsekwencją nieodwracalnych procesów 
transportu masy, ładunku, energii i pędu w różnych typach układów. Iloczyn produkcji S-entropii i temperatury bezwzględnej T nazywany jest funkcją rozpraszania 
i jest miarą rozpraszania energii w procesach nierównowagowych.

Cel pracy. Celem pracy było oszacowanie konwersji energii w procesach transportu membranowego jednorodnych roztworów nieelektrolitów. W tym celu wyko-
rzystano bodźcową wersję równań R, L, H i P dla natężenia źródła entropii.

Materiał i metody. Przedmiotem badań były syntetyczne biomembrany polimerowe (Nephrophan® i Ultra-Flo 145 dialyser®) o eksperymentalnie wyznaczonych 
parametrach transportu dla wodnych roztworów glukozy. Jako metodę badawczą zastosowano formalizm Kedem–Katchalsky’ego–Peusnera dla binarnych roztworów 
nieelektrolitów, z wprowadzonymi współczynnikami Peusnera.

Wyniki. Wersje R, L, H i P równań dyssypacji S-energii zostały wyprowadzone dla układu membranowego na podstawie liniowej nierównowagowej termodynamiki 
sieciowej Onsagera i Peusnera. Korzystając z równania na S-energię i równania na współczynnik sprawności konwersji energii, wyprowadzono równania na F-energię 
i U-energię. Na podstawie otrzymanych równań obliczono S-energię, F-energię i U-energię jako funkcje różnicy ciśnień osmotycznych i przedstawiono je w postaci 
odpowiednich wykresów.

Wnioski. Wersje R, L, H i P równań opisujących funkcję dyssypacji mają postać równań drugiego stopnia. Charakterystyki S-energii mają postać krzywych drugiego 
stopnia znajdujących się w pierwszej i drugiej ćwiartce układu współrzędnych. Artykuł pokazuje, że wersje R, L, H i P S-energii, F-energii i U-energii nie są równoważne 
zarówno dla membran Nephrophan®, jak i Ultra-Flo 145 dialyser®.

Słowa kluczowe: transport membranowy, biomembrana polimerowa, współczynniki transportu, produkcja S-entropii, równania Kedem–Katchalsky’ego–Peusnera
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of Ch and Cl = const. (Ch ≥ Cl). The density of solutions with 
concentrations of Ch and Cl fulfilled the condition ρh ≥ ρl 
(ρl = const.). In configuration A, the compartment above 
the membrane contains a solution with concentration Cl, 
and the compartment below the membrane has a solution 
with the concentration Ch. In configuration B, the solu-
tions with the concentration of Cl and Ch were reversed.

Water and dissolved substances transported through 
the membrane cause membrane concentration polariza-
tion (CP) since they form concentration boundary layers 
(CBLs), lh

r and ll
r, on both sides of the membrane. The thick-

ness of the CBL (lh
r ) is δh

r, and the thickness of CBL (ll
r ) is δl

r. 
As a consequence of the CBL formation, the concentra-
tion difference through the membrane decreases from Ch 
– Cl to Ch

r – Cl
r, where Ch

r > Cl
r Ch > Ch

r, and Cl
r > Cl, and 

the density difference increases from ρh – ρl to ρh
r – ρl

r, 
where ρh

r > ρl
r, ρh > ρh

r, and ρl
r > ρl. When a lower-density 

solution is located in the compartment below the mem-
brane, and a higher-density solution is  in the compart-
ment above the membrane, the complex lh

r/M/ll
r, can lose 

hydrodynamic stability.
Hydrodynamic instability is manifested by natural con-

vection in near-membrane areas.21–23 When the concentra-
tion Rayleigh number (RC), which provides information 
about the process of the appearance of gravitational con-
vection, exceeds its critical value, hydrodynamic insta-
bilities appear in the near membrane areas.13,22,24–26 Over 
time, the destructive effect of gravitational convection 
limits the growth of δh

r and δl
r, and accelerates the diffusion 

of substances beyond the layers, which extends the convec-
tion to the entire volume of the solution. Self-organization 
of the liquid may occur under certain conditions, which 
is manifested in the “plum structure.”27

Equations for S-energy dissipation 
in the Kedem–Katchalsky version

The measure of S-energy dissipation is the so-called dissi-
pation function φ(S), which is equal to the product of T and 
entropy production (diS/dt). Mathematical expressions for 

S-energy dissipation in a system in which a membrane sepa-
rates 2 homogeneous non-electrolytic solutions of differ-
ent concentrations will be obtained using the procedure 
described in previous papers.3,5 The S-energy dissipation 
function can be described by the expression (Eq. 1):

	
	 (1)

This equation shows that φ(S) is a bilinear form and 
is  the sum of  the products of  the generalized thermo-
dynamic fluxes (Ji) and the thermodynamic forces (Xi) 
of the same tensor order. In this equation, Lij are phenom-
enological coefficients coupling Ji with Xj.5 Diagonal (Lii, Ljj) 
and non-diagonal (Lij, Lji) coefficients satisfy the following 
Onsager relations:

Lij ≠ Lji, Lii ≥ 0, Ljj ≥ 0, LiiLjj ≥ Lij
2 (i,j ∈ {1, 2})3,5

For stationary membrane transport of homogeneous 
non-electrolytic solutions containing 1 solute (s) and sol-
vent (w), caused by thermodynamic forces, Δπ (osmotic 
pressure difference) and ΔP (hydrostatic pressure differ-
ence), the Equation (1) can be written in the form (Eq. 2)5:

	
	 (2)

where V–s and V–w denote the  partial molar volumes 
of the s-th and w-th component of the solution, Js and Jw are 
the fluxes of s and w, respectively, C–s = (Ch – Cl) ln(ChCl

–1)]–1, 
Ch and Cl (Ch > Cl) are solute concentrations, Δπ = RT(Ch 
– Cl) is the osmotic pressure difference, and RT is the prod-
uct of the gas constant and absolute temperature. C–s can 
also be expressed as C–s = Δπ[RT ln(ChCl

–1)]–1.
Taking into consideration the expressions JsV

–
s + JwV–w ≡ Jv 

and JsC
–

s
–1 – JwV–w ≡ JD (Jv– volume flux, JD – diffusive flux), 

we can write Equation (2) in the form (Eq. 3)3,5:

	
	 (3)

Assuming glucose concentration Ch = 201 mol m−3 and 
Cl = 1 mol m−3, we get C–s = 37.71 mol m−3 and 1/C–s = 2.65 × 
10−2 m3 mol−1. On the other hand, V–s = 1.2 ×10−4 m3 mol−1. 

Fig. 1. Model of a single-membrane 
system

M – membrane; g – gravitational 
acceleration; ll

A and lh
A – concentration 

boundary layers (CBLs) 
in configuration A; ll

B and lh
B – CBLs 

in configuration B; Ph and 
Pl – mechanical pressures; Ch and 
Cl – total solution concentrations 
(Ch > Cl); Cl

A, Ch
A, Cl

B and Ch
B – local 

(at boundaries between membrane 
and CBLs) solution concentrations; 
Jv

A – solute and volume fluxes 
in configuration A; Jv

B – solute and 
volume fluxes in configuration B.
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This means that 1/C–s >> V–s, and Equation (3) can be written 
in the form (Eq. 4):

	
	 (4)

The expression obtained is a practical form of the S-
energy dissipation function for the  osmotic-diffusion 
transport of homogeneous solutions. The φ(S)Y (Y=R,L,H or P) 
of Equation (3) can then be written using the R, L, H, and 
P versions of the KKP equations.

R, L, H, and P versions of the Kedem–
Katchalsky–Peusner equations

The R, L, H, and P versions of the KKP equations are ob-
tained through an appropriate transformation of the clas-
sical Kedem–Katchalsky equations (Eq. 5,6),5

	 	 (5)

	 	 (6)

where Lp, σ, and ω are coefficients of hydraulic permeabil-
ity and reflection and diffusion permeability, respectively, 
Jv is volume flux, Js is solute flux, ΔP is the hydrostatic 
pressure difference, Δπ = RTΔC is the osmotic pressure 
difference, RT is the product of the gas constant and ab-
solute temperature, ΔC = Ch – Cl (Ch > Cl) is the difference 
of concentrations on the membrane, and C–s = (Ch – Cl)
[ln(ChCl

–1)]–1 = Δπ[RTln(ChCl
–1)]–1 is the average concentra-

tion of the solution in the membrane.
By appropriate transformations of Equations (5) and 

(6), it  is possible to obtain the R, L, H, and P versions 
of  the KKP equations.10,14 The R, L, H, and P  versions 
of the KKP equations obtained as a result of the transfor-
mation of Equations (5) and (6) are summarized in Table 1. 
The R, L, H, and P versions of the KKP equations contain 

Peusner coefficients, Rij, Lij, Hij, and Pij, where i, j ∈ {1, 2}, 
respectively.

R, L, H, and P versions of the Q coupling 
parameter and energy conversion ratio emax

Using the definition of the Q coupling parameter and 
the energy conversion efficiency, (emax)Y (Y=R,L,H or P), pre-
sented by Peusner,10 expressions for the R, L, H, and P ver-
sions of the Q coupling parameter and (emax)Y (Y=R,L,H or P) 
coefficients can be written. These expressions are listed 
in the 2nd and 3rd columns of Table 2.

Taking into account the equations listed in the 2nd, 3rd 
and 4th columns of Table 2, and the expressions listed 
in the 3rd column of Table 1, we get (Eq. 7–9):

	

	 (7)

	

	 (8)

	

	 (9)

R, L, H, and P versions of the equation 
for energy dissipation

Taking into account the  R, L, H, and P  versions of 
the KKP equations in Equation (3), we obtain the R, L, H, 
and P versions of the S-energy dissipation equations for 
the thermodynamic force version denoted by φ(S)R, φ(S)L, 
φ(S)H, and φ(S)P (Eq. 10–13):

	
	 (10)

	
	 (11)

	
	 (12)

	
	 (13)

These equations do not contain Jv and Js fluxes, but do 
contain the thermodynamic forces ΔP and Δπ. There-
fore, these equations determine the thermodynamic forces 
of the equations for φ(S)Y (Y=R,L,H or P). From Equations (10−13), 
it follows that in order to calculate φ(S)Y (Y=R,L,H or P), the char-
acteristics Rij = f(Δπ)ΔP = 0, Lij = f(Δπ)ΔP = 0, Hij = f(Δπ)ΔP = 0, 
and Pij = f(Δπ)ΔP = 0 must first be calculated and included 
in Equations (7−9).

Evaluation of internal energy conversion

The  internal energy conversion process is  governed 
by the principle of conservation of energy. According to this 
principle, the fluxes of the U-energy (φ(U)Y (Y=R,L,H or P)), 
F-energy (φ(F)Y (Y=R,L,H or P)) and S-energy (φ(S)Y (Y=R,L,H or P)) 
satisfy the equation (Eq. 14)28:

	 	 (14)
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Here, φ(U)Y = A–1dUY/dt is the U-energy flux (W m–2), 
φ(F)Y = A–1dFY/dt the F-energy flux (W m−2), and φ(S)Y = 
TA–1diSY/dt is the S-energy flux (W m−2).

An explicit form of the coefficients Rij, Lij, Hij, and Pij, 
for i,j ∈ {1, 2}, appearing in the above equation is given 
in Equations (10−13). To obtain S-energy for the condi-
tions of homogeneity of solutions (φ(S)Y (Y=R,L,H or P)) in Equa-
tions (10–13), the free energy flux φ(F)Y (Y=R,L,H or P) can be 
calculated using the definition of the energy conversion 
efficiency coefficient (Eq. 15):

	

	 (15)

By transforming Equation (15), we get (Eq. 16,17)

	
	 (16)

	
	 (17)

From a formal point of view, the cases of φ(F)Y (Y=R,L,H or P) = 0 
and φ(U)Y (Y=R,L,H or P) = 0 are excluded, because in order for 
the denominator of Equations (16) and (17) to be differ-
ent from 0, the condition (emax)Y (Y=R,L,H or P) ≠ 1 must be 
satisfied.

The maximum energy conversion efficiency expressed 
by the Kedem–Caplan–Peusner coefficients10,28,29 in Equa-
tions (16) and (17) can be written as (Eq. 18–21):

Table 1. Comparison of the R, L, H, and P versions of the Kedem–Katchalsky–Peusner (KKP) equations

KKP version Form of the equations Peusner’s coefficients

R

L

H

P
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The  values of  the  (emax)Y (Y=R,L,H or  P) coefficient are 
limited by  the  relations 0  ≤  (emax)Y (Y=R,L,H or  P)  ≤  1 and 
(emax)Y (Y=R,L,H or  P)  =  0, when R12R21  =  L12L21  =  H12H21  = 
P12P21 = 0, when r12r21 =  l12l21 = h12h21 = p12p21 = 0 and 
(emax)Y (Y=R,L,H or P) = 1, when R12R21 = R11R22, L12L21 = L11L22, 
H12H21 = H11H22, or when P12P21 = P11P22 and r12r21 = 1, 
l12l21 = 1, h12h21 = 1 or p12p21 = 1.

Biomembrane characteristics

Nephrophan® biomembrane (ORWO VEB Filmfabrik, 
Wolfen, Germany) is a microporous, highly hydrophilic, 
electroneutral, and compact-structure membrane made 
from regenerated cellulose.30 The  membrane is  used 
in urology in ganglion hemodialyzers, due to their high-
pressure strength, and for controlled release of  drugs 
in ophthalmology and laryngology.31

The Ultra-Flo 145 dialyser® (Artificial Organs Division, 
Travenol Laboratories, Brussels, Belgium) is an ultrafiltra-
tion, microporous, hydrophilic, and electroneutral regener-
ated cellulose biomembrane used in urology.32

Images of Nephrophan® and Ultra-Flo 145 dialyser® 
membranes obtained with a Zeiss Supra 35 scanning elec-
tron microscope (SEM; Carl Zeiss AG, Jena, Germany) are 
shown in Fig. 2A,B. The image in Fig. 2A shows the solid 
structure of the Nephrophan® membrane, and the image 
in Fig. 2B presents the microfiber structure of the Ultra-Flo 
145 dialyser® membrane.

Results

The  calculations of  (φ(S)Y (Y=R,L,H or  P) performed for 
Nephrophan® and Ultra-Flo 145 dialyser® membranes 
have been used in nephrology and ophthalmology.17 Each 
of  the  biomembranes (monolayer, symmetric, isotro-
pic, and electrically neutral) separated 2 homogeneous 
aqueous glucose solutions with concentrations Ch and Cl 
(Ch > Cl) and the same temperature (T = 295 K). The trans-
port properties of these biomembranes were determined 
by hydraulic permeability (Lp), reflection (σ) and diffu-
sion permeability (ω). The dry thickness of the membranes 

Table 2. R, L, H, and P versions of coupling coefficient l, coupling parameter Q and energy conversion coefficient (emax)Y (Y=R,L,H or P)

Version Caplan coupling parameter Peusner coupling parameter Energy conversion coefficient

R

L

H

P

	

	 (18)

	

	 (19)

	

	 (20)

	

	 (21)
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is denoted by d. The values of these coefficients are sum-
marized in Table 3.

Table 3 shows that both Nephrophan® and Ultra-Flo 145 
dialyser® biomembranes are selective for glucose because 
0 < σ < 1. The following data was used for the calculations: 
R = 8.31 J mol−1K−1 and Δπ, which ranged from −12.16 kPa 
to  −502.54 kPa or  from +12.16  kPa to  +502.54  kPa, 
Cl = 1 mol m−3 and Ch ranged from 6 mol m−3 to 206 mol m−3. 
To calculate the dependencies Rij = f(Δπ)ΔP = 0, Lij = f(Δπ)ΔP = 0, 
Hij = f(Δπ)ΔP = 0, and Pij = f(Δπ)ΔP = 0 (i,j ∈ {1, 2}), the equa-
tions listed in the 3rd column of Table 1 were used. All 
calculations assumed the condition ΔP = 0. The results 
of the calculations are presented in Fig. 3A–D, Fig. 4A–D 
and Fig. 5A. The results of calculations show that the val-
ues of the coefficients R12 = R21, L11, and H11 are independent 
of Δπ. Therefore, their values are constant and amount to: 
R12 = R21 = −1.165 × 109 N s mol−1, L11 = 4.9 × 10−12 m3 N−1s−1 
and H11 = 2.0 × 1011 Ns m−3 for the Nephrophan® membrane, 
and R12 = R21 = −8.88 × 109 N s mol−1, L11 = 0.85 × 10−12 m3 
N−1s−1 and H11 = 11.76 × 1011 Ns m−3 for the Ultra-Flo 145 
dialyser® membrane.

Increases in the absolute values of glucose osmotic pres-
sure (Δπ) cause a nonlinear increase of L12, L21, L22, and R11 
coefficients in all configurations of the system, while R22 

decreases with increased absolute values of Δπ. Greater 
changes of all the coefficients occurred for the Nephrophan® 
membrane than the Ultra-Flo 145 dialyser® membrane for 
the same changes in Δπ. The smaller changes in coefficients 
for the Ultra-Flo 145 dialyser® membrane are related to its 
more porous structure, which makes it easier for solutes and 
water to permeate the membrane. Therefore, an increase 
in absolute values of Δπ causes greater coupling between 
suitable fluxes and forces, when the direct relationship be-
tween thermodynamic force and flux of glucose is excluded.

The values of coefficients R11, R22, L12, L22, H12, H21, H22, 
P11, P12, and P22 depend on Δπ for both biomembranes, 
as is illustrated in Fig. 3A–D and Fig. 4A–D. Figure 3A,C,D 
and Fig. 4B show that the values of R11, L12, L22, and H22 are 
positive and increase with increasing absolute Δπ. Mean-
while, Fig. 3B and Fig. 4D,E demonstrate positive values 
of R22, P11, P12, and P22, which decrease with increasing 
absolute Δπ. In turn, H12 and P21 are negative, and H12 
decreases, while the values of P21 increase with increas-
ing absolute Δπ. Furthermore, Fig. 3A–D and Fig. 4A–E 
show greater R11, R22, P12, and P22 coefficients for the Ultra-
Flo 145 dialyser® than for the Nephrophan® membrane. 
On the other hand, the coefficients L12, L22, H21, H12, H22, 
P11, and P21 are greater for the Nephrophan® membrane 
than for the Ultra-Flo 145 dialyser®.

Taking into account the results of calculations for de-
pendencies Rij = f(Δπ)ΔP = 0, Lij = f(Δπ)ΔP = 0, Hij = f(Δπ)ΔP = 0, 
and Pij = f(Δπ)ΔP = 0 (i,j ∈ {1, 2}) (Fig. 3A–D and Fig. 4A–E, 
and the equations listed in the 2nd column of Table 2), 
the dependencies (QY(Y=R,L,H or P) = f(Δπ)ΔP=0 were calculated. 
The results of calculations are presented in Fig. 5A,B.

The  curves presented in  Fig. 5 show greater values 
of the coefficients QR, QL, QH, and QP for the Nephrophan® 
membrane than for the Ultra-Flo 145 dialyser®. Further-
more, the values of coefficients QR and QL are positive, while 

Fig. 2. Images of membrane surfaces obtained from scanning electron microscopy (SEM). A. Surface and cross-section of the Nephrophan® membrane 
(×15,000 magnification)24; B. Cross-section of the Ultra-Flo 145 dialyser® membrane (×10,500 magnification)

Table 3. Values of the parameters (Lp, σ, ω, and d) for Nephrophan® and 
Ultra-Flo 145 dialyser® membranes, and for aqueous glucose solutions

Parameters
Biomembrane

Nephrophan® Ultra-Flo 145 dialyser®
Lp × 1012 [m3N−1s−1] 4.9 0.85

σ 0.068 0.112

ω × 109 [mol N−1s−1] 0.8 0.1

d [μm] 200 800

BA
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QH and QP are negative. The Nephrophan® membrane ful-
filled the relations QR > QL and QH = QP, while QR = QL and 
QH > QP were fulfilled for the Ultra-Flo 145 dialyser®.

Using the results obtained for dependencies Rij = f(Δπ)ΔP = 0, 
Lij =  f(Δπ)ΔP = 0, Hij =  f(Δπ)ΔP = 0, and Pij =  f(Δπ)ΔP = 0 (i,j 
∈ {1, 2}) shown in Fig. 3A–D and Fig. 4A–E, as well as 
(QY(Y=R,L,H or P) = f(Δπ)ΔP=0, shown in Fig. 5A,B, and the equa-
tions listed in the 4th column of Table 2, the dependencies 
(emax)Y (Y=R,L,H or P) were calculated. The results of calcula-
tions are presented in Fig. 5C,D. The curves in these figures 
show greater values of the coefficients (emax)Y (Y=R,L,H or P) for 
the Nephrophan® membrane than for the Ultra-Flo 145 
dialyser® membrane. Also, the coefficients (emax)Y (Y=R,L,H or P) 
are positive. For the Nephrophan® membrane, the relations 
(emax)R > (emax)L and (emax)H = (emax)P are fulfilled. In turn, for 
the Ultra-Flo 145 dialyser® membrane, (emax)R = (emax)L = 
(emax)H < (emax)P.

Accounting for the results obtained for Rij = f(Δπ)ΔP = 0, 
Lij = f(Δπ)ΔP = 0, Hij = f(Δπ)ΔP = 0, and Pij = f(Δπ)ΔP = 0 (i,j ∈ 
{1, 2}), shown in Fig. 3A–D, Fig. 4A–D and Fig. 5A–C, as well 
as Equations (10–13), the dependencies φ(S)Y (Y=R,L,H or P) = 
f(Δπ)ΔP = 0, were calculated. The results of calculations are 
presented in Fig. 6A,B.

The curves presented in Fig. 6A,B show greater val-
ues of the coefficients φ(S)Y (Y=R,L,H or P) for Nephrophan® 
than for the Ultra-Flo 145 dialyser® membrane. These 
findings indicate that the dissipation of energy is greater 
in the Nephrophan® membrane than in the Ultra-Flo 145 
dialyser® membrane under similar transport conditions. 
Furthermore, the values of coefficients φ(S)Y (Y=R,L,H or P) are 
positive, and the relationship φ(S)R > φ(S)L > φ(S)H > φ(S)P 
is true for both the Nephrophan® and Ultra-Flo 145 dialy-
ser® membranes.

Using the  results obtained for the  dependencies 
(emax)Y (Y=R,L,H or P) and φ(S)Y (Y=R,L,H or P) = f(Δπ)ΔP = 0, shown 
in  Fig. 5C,D and Fig. 6A,B, respectively, and in  Equa-
tion (16), the dependencies φ(F)Y (Y=R,L,H or P) =  f(Δπ)ΔP = 0, 
were calculated.

The results of the calculations presented in Fig. 6C,D 
show greater values of the coefficients φ(F)Y (Y=R,L,H or P) for 
Nephrophan® in comparison to the Ultra-Flo 145 dialy-
ser® membrane. They also show positive values for the co-
efficients φ(F)Y (Y=R,L,H or P). The relations φ(F)R > φ(F)L > 
φ(F)H > φ(F)P are fulfilled for both the Nephrophan® and 
Ultra-Flo 145 dialyser® membranes.

Fig. 3. Illustration of dependencies Rij = f(Δπ)ΔP=0 and Lij = f(Δπ)ΔP=0 (i,j ∈ {1, 2}) for aqueous glucose solutions. A. R11 = f(Δπ)ΔP=0; B. R22 = f(Δπ)ΔP=0; 
C. L12 = L21 =f(Δπ)ΔP=0; D. L22 = f(Δπ)ΔP=0. Plots marked with (1) were obtained for the Nephrophan® membrane and plots marked with (2) were obtained for 
the Ultra-Flo 145 dialyser® membrane

A

C

B
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Considering the  results obtained for dependences 
(emax)Y (Y=R,L,H or P) = f(Δπ)ΔP = 0 and φ(S)Y (Y=R,L,H or P) = f(Δπ)ΔP = 0), 
shown in Fig. 5C,D and Fig. 6A,B, respectively, and in Equa-
tion (17), the dependencies φ(U)Y (Y=R,L,H or P) = f(Δπ)ΔP = 0 were 
calculated and are shown in Fig. 6E,F.

The curves presented in Fig. 6A–F show greater val-
ues of φ(U)Y (Y=R,L,H or P) for the Nephrophan® membrane 
than the Ultra-Flo 145 dialyser® membrane. Furthermore, 
φ(U)Y (Y=R,L,H or P) are positive, and the relations φ(U)R > 
φ(U)L > φ(U)H > φ(U)P are fulfilled for both membranes.

Discussion

Using Peusner’s lattice thermodynamics formalism, 
the R, L, H, and P versions of the KKP equations are ob-
tained by transforming the classical Kedem–Katchalsky 
equations.5 Meanwhile, the equations listed in Table 1 
should be considered in order to obtain the R, L, H, and 
P versions of the equations for energy dissipation (S-energy).

The characteristics of φ(S)Y (Y=R,L,H or P) = f(Δπ, ΔP) should 
have different types of curved surfaces. Indeed, this was 

A

C

E

B

D

Fig. 4. Illustration of dependencies Hij = f(Δπ)ΔP=0 and Pij = f(Δπ)ΔP=0  
(i,j ∈ {1, 2}) for aqueous glucose solutions. A) H12 = f(Δπ)ΔP=0 and 
H21 = f(Δπ)ΔP=0, B) H22 = f(Δπ)ΔP=0, C) P11 = f(Δπ)ΔP=0, and D) P12 = f(Δπ)ΔP=0 and 
P21 = f(Δπ)ΔP=0 (E) P22 = f(Δπ)ΔP=0. Plots marked with (1) in B, C, and E were 
obtained for Nephrophan®, and plots marked with (2) were obtained for 
the Ultra-Flo 145 dialyser® membrane. Plots (1) and (3) presented in A and 
D were obtained for the Nephrophan® membrane, and plots marked with 
(2) and (4) were obtained for the Ultra-Flo 145 dialyser® membrane
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previously confirmed by  the  characteristics of  φ(S)L  = 
f(Δπ, ΔP) for a bacterial nanocellulose membrane (Biofill).8 
Similarly, the characteristics of φ(S)Y (Y=R,L,H or P) = f(ΔP, Δπ/C–s) 
should have different types of curved surfaces, and the char-
acteristics of φ(S)L = f(ΔP, Δπ/C–s) presented in past work 
confirm this hypothesis.7

As previously mentioned, Equations (6–9) do not con-
tain fluxes Jv and Js, but contain thermodynamic forces ΔP 
and Δπ. Therefore, these equations constitute the ther-
modynamic force version of equations for φ(S)Y (Y=R,L,H or P). 
As such, a flux version of the equations for φ(S)Y (Y=R,L,H or P) 
can also be obtained. For this purpose, thermodynamic 
forces, ΔP – Δπ and Δπ/C–s, should be eliminated from 
Equation (3) using the equations listed in Table 1. Equa-
tions for flux versions of φ(S)Y (Y=R,L,H or P) have the form 
(Eq. 22–25):

	 	 (22)

	
	 (23)

	
	 (24)

	
	 (25)

Explicit forms of Peusner coefficients Rij, Lij, Hij, and Pij (i,j ∈ 
{1, 2}) appearing in the above equations is presented in Table 1. 
The Equations (10–13) are the flux form of the equations for 
the intensity of the entropy source. Meanwhile, Equations 
(6–9) will be useful for numerical calculations of the S-en-
ergy, and Equations (22–24) can be used for calculations 
based on experimentally determined Jv and Js.

Conclusions

Equations describing φ(S)Y (Y=R,L,H or P) versions of S-energy 
are the sum of the quadratic equations of the ΔP and Δπ 
variables. The characteristics of φ(S)Y (Y=R,L,H or P) = f(Δπ)ΔP=0 
are the second-degree curves located in the 1st and 2nd 
quadrants of the coordinate system.

Characteristics of  φ(S)Y (Y=R,L,H or  P)  =  f(Δπ)ΔP=0, illus-
trated by  curves 1, 2, 3 and 4, for both Nephrophan® 
and Ultra-Flo 145 dialyser® membranes, have differ-
ent forms. For the same Δπ values in the Nephrophan® 
membrane, curves 1, 2, 3, and 4 for the  dependencies 

Fig. 5. Illustration of dependencies QY (Y=R,L,H or P) = f(Δπ)ΔP=0 and (emax)(Y=R,L,H or P) = f(Δπ)ΔP=0 for aqueous glucose solutions. Plots 1, 2, 3, and 4 shown in A and C 
were obtained for the Nephrophan® membrane, and plots 1, 2, 3, and 4 in B and D represent the Ultra-Flo 145 dialyser® membrane
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φ(S)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, φ(F)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, and 
φ(U)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, satisfy the following relations: 
φ(S)L > φ(S)P > φ(S)R > φ(S)H, φ(F)R > φ(F)L > φ(F)P > φ(F)H 
and φ(U)L > φ(U)P > φ(U)R > φ(U)H. In contrast, the same Δπ 
values for the Ultra-Flo 145 dialyser® membrane, curves 1, 
2, 3, and 4 for the dependencies φ(S)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, 
φ(F)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, and φ(U)Y (Y=R,L,H or P) = f(Δπ)ΔP=0, 
satisfy the following relations, φ(S)L > φ(S)P > φ(S)R > φ(S)H, 
φ(F)L > φ(F)P > φ(F)R > φ(F)H and φ(U)L > φ(U)P > φ(U)R > 
φ(U)H.
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